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Abstract 
Linear Sampling Method (LSM) is a simple and effective method for the shape reconstruction of unknown objects. It 

is also a fast and robust method to find the location of an object. This method is based on far field operator which relates 

the far field radiation to its associated line source in the object. There has been an extensive research on different aspects 

of the method. But from the experimental point of view there has been little research especially on the effect of 

polarization on the imaging quality of the method. In this paper, we study the effect of polarization on the quality of shape 

reconstruction of two dimensional targets. Some examples are illustrated to compare the effect of transverse electric (TE) 

and transverse magnetic (TM) polarizations, on the reconstruction quality of penetrable and non-penetrable objects. 
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1. Introduction 

Imaging and identification of targets using 

electromagnetic waves have a long history, e.g., X-ray 

imaging goes back to the early twentieth century. Waves 

in microwave frequency range are more interested than 

those in higher frequencies for imaging and identification. 

Microwaves have more penetration depth and less 

destructive impact on targets than higher frequency waves 

like X-ray so the great tendency exists towards 

microwave imaging. The purpose of microwave imaging 

techniques is to retrieve constitutive parameters and shape 

of scattering objects using the measurement data collected 

at a distance from scatterers. The unknown objects are 

illuminated by electromagnetic waves. This problem has 

many applications in different subjects such as target 

identification, geophysics, seismic exploration, remote 

sensing, atmospheric science, ground penetrating radar 

(GPR) and medical diagnostics such as cancer and 

hypothermia detection [1]. 

Imaging approaches based on the solution of an 

inverse scattering problem are usually grouped into two 

classes, weak scattering approximation methods and 

nonlinear optimization methods. The former exploit low 

or high frequency approximations of the scattering 

phenomenon to linearize the data-to-unknown 

relationship and are typically capable of providing only a 

rough description of the target’s morphology when 

exploited outside of the range of validity of the 

underlying approximation (Born and Kirchhof inversion 

approach). Ill-posedness and non-linearity of the inverse 

scattering problem are the two main complications in the 

solution process. One way to avoid these problems is the 

weak scattering approximation which works for certain 

category of the inverse problems. Different methods are 

proposed which approximate the scattering based on 

certain constraints on the scatterer. For example Born 

approximation is used when the scatterer has small 

permittivity and is small compared to the wavelength. 

Conversely nonlinear optimization methods tackle the 

inverse scattering problem in its full nonlinearity to 

determine both the morphology and the electromagnetic 

contrast of the targets. Optimization approaches seek for 

the problem’s solution by means of a local iterative 

optimization scheme, as the large number of unknowns 

makes global optimization generally unreliable, due to the 

exponential growth of the computational complexity. On 

the other hand, local minimization is prone to the 

occurrence of false solutions, so that these methods have 

to be equipped with regularization schemes, usually based 

on the available a priori information. Optimization 

methods are based on minimizing an error function, 

starting with an initial guess and this guess is optimized 

during iteration stages. Because in each iteration stage the 

inverse scattering problem must be solved, such methods 
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are slower than the others, however accuracy and quality 

of imaging is great [2]. Examples of two groups of  

quantitative methods are the modified gradient method [3], 

distorted Born approximation [4], the contrast source 

method [5], the subspace optimization method [6] and the 

least squares optimization method [7]. 

Another category is qualitative methods which are 

aimed to find only the shape and location of the target.  

Linear sampling method is one of the qualitative methods 

which is reliable, efficient, and has a noticeable high 

speed of computational operations to find the object shape 

and location [2]. Colton and Kirsch [8] regularized 

sampling methods to operate a reconstruction of the 

region of support of the scatterer from solution norm of a 

linear integral equation at each pixel point [9]. Proposing 

a simple and original "physical" interpretation of the 

linear sampling methods, which shows its relationship 

with electromagnetic focusing problems have been done 

in several articles such as [10,11]. A hybrid approach is 

proposed  to inspect three-dimensional homogeneous 

dielectric scatterers by using microwaves [12] and unlike 

optimization methods that are based on an initial guess 

which can lead to an unsuccessful reconstruction results 

due to approximate priori information, regularized 

sampling does not require anything to know about the 

scatterer shape or composition [13]. The LSM is also very 

fast in comparison with optimization methods as does not 

involve iteration. In the last years there were quite 

number of LSM applications in different area such as 

Trough Wall Imaging (TWI) [14,15], microwave imaging 

to detect and characterize nonaccessible target concealed 

into a wall [16,17]. As a newest one, (the LSM) offers a 

qualitative image reconstruction approach, which is 

known as a viable alternative for obstacle support 

identification to the well-studied filtered back projection 

(FBP), which depends on a linearized forward scattering 

model [18]. 

As the operator used in the LSM is linear it does not 

need born approximation and can be used for a wide 

range of the scatterers.  

In this paper we analyse the effect of various 

polarizations on reconstruction of PEC and dielectric 

shapes using LSM. We first calculate the far filed 

scattered pattern using the method of moment. Then the 

target is reconstructed with various polarizations such as 

TM and TE using LSM and compared. The rest of the 

paper is organized as follows: In Section 2 and 3 the 

formulation of the LSM and its physical meaning are 

briefly summarized. In section 4, we investigate noise 

effect and number of antennas and in section 5, TM and 

TE polarization results are compared together. Also the 

paper includes the results of multiple scatterers and 

coated objects reconstruction taking account the effect of 

polarization. Buried objects as one the most important 

applications in the medicine area has been investigated 

and the polarization influence in two states is compared 

for the first time. Finally, the conclusion is given in 

section 6. 

2. Formulation of LSM for TM Polarization 

2.1 General Two Dimensional Scatterer 

At first, we recall the far-field equation and definition 

of far-filed operator as the basis of LSM. We consider an 

infinitely long cylinder located in free space which the 

axis is parallel to z-axis. For the sake of simplicity, we 

consider the 2-D scalar electromagnetic scattering 

problem [19]. Denote that Ω is the region of the test. Let 

assume some transmitter antenna in the far-filed, radiating 

field approximated by the TM plane waves and the 

incidence angle     varing within (0,2 ). Let us denote 

  
 (    ) the only z-component of the scattered electric 

filed which is measured by receiving antenna in 

observation domain   (           ). Let     
 (    ) 

be the far-field pattern defined by the following equation: 
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where,     √    is the wave number of vacuum,  

is operating angular frequency and    and    are the free -

space permeability and permittivity, respectively. 
 

By introducing of operator    :  (    )    (    ) 

we define far-field equation as below: 
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which g denotes an indicator function relevant to the 

amplitude of incident field 
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which coincides with the far-field pattern of the field 

radiated by an electric current filament located at 

     Ω;    (      
 
       

 
). We solve equation (2) for 

the all points   . In this case according to LSM, initial 

current sources with limited power can radiate so that the 

scattered field of the object due to these ones is equivalent 

to the radiated filed of a linear line source which is inside 

of the object. For the numerical realization of the linear 

sampling method we assume an approximate measured 

far field pattern     
  that is known for different incident 

plane waves. According to Nystrom approximation 

equation (3) can be written as [20]: 
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  ( (     )  (     )    (     ))
 

                           (8) 
 

To write matrix form of equation (2) as  
 

                                                                                 ( ) 
 

If   ‖ ‖  (    ) is the norm of the function g as the 

solution of the far-filed equation, then   will be infinite 

outside the lossless scatterer and finite inside of it. 

Therefore, the points in the domain where ‖ ‖ is finite are 

desired to reconstruct the shape of the scatterer. Hence, a 

regularization scheme must be considered. Using the 

Tikhonov regularization method [21], ‖ ‖ is given by: 
 

‖ ‖  (∑
  
 (    )

(    
 )
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where {  ,  ,  
 } is a singular system of operator 

   , (    ) are components of   on the singular function 

  s, and   is the regularization parameter which is 

obtained by Morozov’s discrepancy principle and should 

be considered that it usually chooses one hundredth of the 

largest of singular values [22]. 

3. Formulation of LSM for TE Polarization 

The same approach can be used to consider TE 

polarization. In this case a new operator     like that of 

equation (3) is identified.     is expressed with the same 

equation as (3) but     
  is replaced by (    

   

    
  )

   
as the magnitude of electric field in TE 

polarization. Now     can be replaced by     in equation 

(2) to formulate LSM for TE polarization. 

4. Noise and Antenna Number Effect 

In this section we consider the effect of noise and the 

number of antennas on the quality of reconstruction. 

Given the analogy between LSM and focusing problems, 

it follows that an important role in successful 

reconstruction of shapes is played by the number of 

primary sources and measurement points. As a matter of 

fact, if the number of transmitters is low, nothing could be 

achieved, even in the full aperture case, the desired 

focused field, while if the number of receivers is low, one 

could not properly control the synthesized scattered field 

to match to the desired one. On the other hand, an 

arbitrary large number of illuminations and measurements, 

which could overcome these problems, can be largely 

redundant and may be unnecessarily increases the 

measurement costs. According to [23] the selection of N 

antennas where N is given by       is sufficient. The 

optimal choice for  depends on the desired accuracy 

and    is a generally convenient one,   is the largest 

dimension of the scatterer and   is the wave number. The 

location of object, configuration of the antennas and how 

they are placed around the object is considered in Fig.1.  

 

Fig. 1. The Uniform location of antennas around the target  

At the end of this section we proceed to the noise issue. 

We assume that the noise is additive (i.e.,  
 (    )  

  (    )   (    )) and we firstsuppose that, for the sake 

of simplicity,  (    ) can be expanded as: 
 

 (    )  ∑   
 
     (    )                                        (11) 

 

More details about the effect of noise have been 

considered in [24]. In the next section we show the effect 

of noise on reconstruction quality and stability of LSM 

regarding to noise is considered. 

5. Numerical Results and Comparison 

Discussion 

In this section we propose some examples as the 

numerical results to reconstruct a kite shape object 

illustrated in Fig.2. We compare the quality of the LSM in 

TE and TM polarizations for PEC and dielectric targets. 

The forward scattering data for simulation has been 

produced by method of moment solver. Also, it is used 

electric field integral equation (EFIE) for the both of 

polarizations. Basically, EFIE has been derived by using 

surface equivalent theorem for PEC objects and volume 

equivalent theorem (VET) for dielectric ones. That is to 

say EFIE discretized with pulse basis and delta testing 

functions. As a test object, a kite plate shape of size about 

2.5λ×3λ was used and the parametric equation of this 

object is written below the figure 2. In all the examples 

discussed throughout this article, we will use units of 

free-space wavelength for the scatterer geometry, in this 

examples the wave number k equals 2π. The cell size of 

surfaces meshes is 0.01λ and for volume equivalent to a 

cell density of 520 cells per square dielectric wavelength. 

The number of receiving and transmitting antennas is 

n=38. For the kite-shaped cross section shown in Fig 2. 

‖ ‖is given by equation (9) where         , and 
 

‖ ‖
 is 

plotted for two polarizations in Fig. 2 and Fig. 3 for PEC 

and in Fig.4 and Fig. 5 for dielectric with    .If   is 

chosen very small so that it couldn’t eliminate small 

singular values; consequently, the reconstruction boundaries 

of the shape may be oscillated .On the other hand, the 

selection of large amount of   leads to an unsuccessful 
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reconstruction. Experimentally selection of          is 

appropriate. All of the results have been obtained for k=2  

(the operating frequency is about 300 MHz). 

5.1 Polarization Comparison 

Comparison between TM and TE polarizations shows 

that reconstruction of TM is better than TE for PEC 

objects. On the other hand, TE polarization is more 

efficient for dielectric objects. It is an expectable result 

since in forward scattering pattern in dielectric, there are 

two components of electric field in (i.e.    and   ) TE 

polarization and just one in TM; thus, the former provides 

more information for LSM than the latter. However as 

noted in [8] in resonance frequencies the points where 

electric field vanishes are better distinguishable in LSM. 

These points include the boundary of the conducting 

scatterers in TM polarization and exclude it in TE so the 

better result is obtained in TM for PEC. It is of great 

importance to note that both of the results have some 

problems in the quality of the boundary reconstruction. It 

refers to the right-hand side of (1). It is proved that the 

better results are obtained by replacing the right-hand side 

of (1) by the far field radiated from a dipole instead of 

monopole [20]. Since the forward pattern has the 

information of both polarizations, combination of the 

polarizations leads to a better shape reconstruction which 

is the future work of the authors. 

 

Fig. 2. Kite-Shape scatterer 

( ) (cos 0.65cos2 0.65,1.5sin ),0 2x t t t t t     
 

 

Fig. 3. Reconstruction of PEC object using TM polarization 

 
Fig. 4. Reconstruction of PEC object using TE polarization 

 
Fig. 5. Reconstruction of dielectric object using TM polarization 

 
Fig. 6. Reconstruction of dielectric object using TE polarization 

5.2 Multi-Scatterers 

Here we want to investigate how LSM works for multi 

scatterers. At first, we study the effect of polarization then 

pose the number of antenna. Comparison between two 

polarization TM and TE demonstrated that when we use 

incident filed with polarization TM, it leads to a better 

reconstruction toward to TE polarization incident one. It 

can be observed in Figs. 7 and 8 where we tried for two 

triangle and circle cross-section shape with 51 transmitter 

and receiver antennas. On the other hand, if we want to 

test multi-scatterer with more numbers, we have to 

increase the number of antennas, as we see in Fig.9, even 

increasing the number of antennas up to 108 cannot lead 

to a approvable reconstruction of three shape. However 

this increase cannot be done arbitrarily. As a result, it can 

be concluded that we need more transmitting and 

receiving antennas for LSM to work better as the number 

of the scatterers increases. It shows the important role of 

antenna number in the reconstruction of the shape in LSM. 
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Fig. 7. Reconstruction of multi-scatterers with 51 antennas with 

Polarization TE 

 

Fig. 8. Reconstruction of multi-scatterer with 51 antennas with 

Polarization TM 

 

Fig. 9. Reconstruction of three multi-scatterers with 108 antennas with 

Polarization TM 

5.3 Coated Objects 

In one part of simulations we considered coated 

objects. The results for a PEC coated by a dielectric are 

illustrated in Figs.10 and 11 for two polarizations. We 

considered a dielectric with thickness of 4 cm. 

 

Fig. 10. PEC kite-shape coated with dielectric       illuminated by 
TM-polarized waves. 

 

 

Fig. 11. PEC kite-shape coated with dielectric      illuminated by TE- 
polarized waves. 

 

5.4 Buried Objects 

One important application of the proposed method is 

to improve the quality of the shape reconstruction of a 

hidden object in the other one. It has a numerous 

applications in medical area such as microwave imaging 

and detection of cancer cells. Figs 12 and 13 show the 

location of a PEC object with circular cross section and 

radius 0.5 lambda, within dielectric object with 2D kite- 

shape cross section and thickness 4 cm. With comparison 

between Fifs. 12 and 13, it implies that the TM-

polarization result is more clear in the external shape 

boundary and in contrast the TE one, it has more clarity in 

the reconstruction of the hidden PEC within the dielectric. 

To sum up, it seems that, it can be wiser idea to use TE 

polarization, if the detection of hidden object is more vital.  

Despite of this point, the boundary details of internal 

object in these problems are not so clear and it can be 

considered as an open problem in LSM to find the shape 

and material of hidden object more precisely. 
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Fig. 12. Dielectric cylinder with     , and  thickness 4cm, within a 
kite- shape cross section, TM polarization. 

 

Fig. 13. Dielectric cylinder with      , and thickness 4cm, within a 

kite-shape cross section, TE polarization. 

5.5 Noise Effect 

Finally we would like to investigate an important 

parameter which can affect the reconstruction quality in 

real areas and that is noise. As a matter of fact, we want to 

clarify the robustness of LSM against noise for different 

polarizations. Generally, we know LSM as a method 

which is not affected by the noise so greatly and here we 

compare this feature for TE and TM cases. According to 

Figs. 14 and 16 we can say TM polarization for PEC 

leads to better results with the same noise condition 

(SNR=5dB), in contrast in the case of dielectric TE 

polarization leads to better one on the same condition (Fig. 

17 and Fig. 18). This can be implied that it’s more 

efficient to use TE polarization incident field to 

reconstruction of dielectric objects in the noisy 

environments. 

Generally linear sampling is the most important 

method which has stability to the noise effect. Note that 

we can reduce the effect of noise with increasing the 

number of antennas, but as we mentioned in section 4 the 

number of antennas cannot be arbitrary due to high cost 

of computational complexity and simulation time. 

Actually there is a limitation for the number of antennas 

that is defined by noise factor.  

 

Fig. 14. PEC with noise effect SNR=5dB and TM polarization 

The Comparison between Figs. 14 and 15 indicates that 

as there is more noise at environment, in other words, less 

SNR; we have a reconstruction with less resolution. The 

comparison between different polarization and various 

SNR shows that when we use TM polarization it will be 

achieved better result toward to TE one in the PEC and on 

the contrary TE is superior in the case of dielectric scatterer. 

This issue must be considered that the negative effect of 

noise on the dielectric is more, related to PEC objects. 

 

Fig. 15. PEC with noise effect SNR= -5dB and TM polarization 

 

Fig. 16. PEC with noise effect SNR=5dB and TE polarization 

For this purpose we tested a dielectric (    ) with 

TM polarization and SNR=-5dB at Fig.15 and shows loss 

of resolution in the shape reconstruction significantly 

toward to Fig. 17. 
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Fig. 17. Dielectric with noise effect SNR=-5dB and TM polarization 

 

Fig. 18. Dielectric with noise effect SNR= -5dB and TE polarization 

6. Conclusions 

To put everything in a nutshell, in this paper, we have 

investigated the performance of linear sampling method 

(LSM) for TM and TE polarizations based on far-field 

equation. It was shown by numerical examples that the 

quality of reconstruction of PEC objects is better than 

dielectric ones for TM polarization. 

However, in the dielectric object, TE polarization 

operates a little better than TM one. In addition, we have 

investigated the multiple scattering and coated objects and 

comparison between various polarizations. Further we 

posed an open problem about the reconstruction of a hidden 

shape within other unknown shape that both of them are 

dielectric especially due to having lots of applications. 

Moreover we discussed about the stability of LSM toward 

noise effect and had numerical examples for that. 

In the future, we plan to study the combination of TM 

and TE polarization; because the forward pattern has the 

information of both polarizations hence it can improve the 

quality of LSM results. Also we will consider the effect of 

frequency in various ranges on the shape reconstruction 

and infer it on the formulation to improve the results.  
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